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Abstract 

We consider the holographic anyons in the ABJM theory from three different aspects 
of AdS/CFT correspondence. First, we identify the holographic anyons by using the 
field equations of supergravity, including the Chern-Simons terms of the probe branes. 
We find that the composite of Dp-branes wrapped over CP^ with the worldvolume 
magnetic fields can be the anyons. Next, we discuss the possible candidates of the dual 
anyonic operators on the CFT side, and find the agreement of their anyonic phases 
with the supergravity analysis. Finally, we try to construct the brane profile for the 
holographic anyons by solving the equations of motion and Killing spinor equations for 
the embedding profile of the wrapped branes. As a by product, we find a BPS spiky 
brane for the dual baryons in the ABJM theory. 
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1 Introduction 



Anyons proposed in [H [3] are the point particles obeying the fractional statistics, and they 
exist in 2 + 1 dimensions because the linking number in 2 + 1 dimensions is well-defined. 
When the positions of two anyons are interchanged, the wavefunction of the system will get a 
fractional phase. Moreover, these anyonic particles can be described by U{1) Chern-Simons 
effective field theory Namely, via the coupling to the Chern-Simons term the electrons 
are endowed with a fictitious magnetic fiux, which will induce Aharonov-Bohm (AB) phase 
when one is going around another. Since the exchange of two particles is considered as 
the half-winding, this AB phase is responsible for the fractional statistics. One example of 
the above construction is the effective field theory of the quasiparticles for the fractional 
quantum Hall fluids [5]. The generalization to use D-branes/noncommutative Chern-Simons 
for describing quantum Hall fluids can be seen in [6], and the related holographic construction 
was done recently in [7]. 

Since the anyon is usually thought of as a quasiparticle in a strongly coupled system, 
and cannot be seen in the perturbative approach. It is then interesting to see if one can 
construct anyons from the holographic dual of some strongly coupled systems so that anyons 
can be realized as D-brane conflgurations. Motivated by the relation between anyons and the 
(2 + l)-dimensional Chern-Simons theory, it seems that the recently constructed Aharony- 
Bergman-Jafferis-Maldacena (ABJM) theory [9] is a good starting point for our purpose, 
since the ABJM theory is given as A/" = 6 superconformal Chern-Simons-matter theory in 
2 + 1 dimensions and also its gravity dual of type HA supergravity in AdS^ x CP'^ background 
is known. Naively, the holographic anyon we are seeking for should be quite different from 
the one in the usual U{1) Chern-Simons effective fleld theory. The main reason is that the 
latter is a quasiparticle consisting of electrons and is thus not gauge invariant, and therefore 
would not be observed in the bulk gravity side into which only the gauge invariant states 
are mapped. However, as we will see the holographic anyons are indeed not gauge invariant 
states in the dual fleld theory, but still can be observed. 

We can generalize the case with U{1) Chern-Simons to the non-abelian one by introducing 
the 't Hooft disorder operators. They are deflned as the large gauge transformation along 
a given contour, and also known as 't Hooft loop. If the theory contains no charged matter 
under the center of the gauge group, the 't Hooft disorder operator is local, that is, any fleld 
in the action cannot detect the presence of the 't Hooft operator. However, as shown in [15], 
in the presence of the Chern-Simons term the 't Hooft operators can detect each other and 
thus behave like anyons. In the ABJM case, the 't Hooft operators are attached to the chiral 
primary operators that are dual to the DO-brane and D4-branes wrapping on a cycle inside 
CP^, and makes these operators gauge invariant. Therefore, such gauge invariant states are 
by deflnition local under large gauge transformation, and cannot be the anyons. 
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A way out is to consider the wrapped D2 and D6-branes over CP'^. There should be 
fundamental strings stretching between the branes and the boundary due to the charge 
conservation on the world volume. They are dual to the baryon vertex [10] in the field theory 
side, and are similar to the wrapped D5-brane in the case of AdS^ x 5"^ [23]-[26]. Moreover, 
these baryons are not the gauge invariant states due to the fundamental strings stretching to 
the boundary. They will therefore pick up a fractional phase under the action of 't Hooft loop. 
It then implies that we can make anyons in the ABJM theory by considering the bound states 
of baryons and 't Hooft disorder operators. Indeed, we find that the holographic anyons are 
what we call the dressed baryons, namely, the bound state of baryons, chiral primaries and 
't Hooft disorder operators. 

With the above consideration in mind, one can directly look for the holographic anyons 
by studying the supergravity equations of motion with probe brane sources. Indeed, in 
pT| Hartnoll has used this approach to construct anyonic strings and membranes in various 
AdS spaces. The supergravity Chern-Simons terms which couple the background fiuxes are 
responsible for the resultant fractional AB phases when winding one probe brane around 
the other. In the ABJM theory, we can also construct this kind of anyonic DO-brane and 
F-string pair, as well as the D4-F1 pair. They are holographic anyons, but their anyonic 
phases are suppressed in the 't Hooft limit as in jTTj . 

The holographic anyons we will construct are made of baryonic spiky branes and magnetic 
fiuxes introduced on their world- volumes. On these baryonic branes we need to attach either 
k or N fundamental strings to satisfy the charge conservation condition. Since k and will 
be of order N quantities, then the anyonic phases gained by the set of strings are no longer 
suppressed in the large N limit. Moreover, the magnetic fields on the D-brane worldvolume 
can be thought of as dissolved D-branes, these holographic anyons are in fact bound states 
of particle-like branes wrapped on the internal CP^. Obviously, these holographic anyons 
should be the anyonic dressed baryons discussed above. We find that these anyons have the 
anyonic phases proportional to either the 't Hooft coupling or its inverse 0, which will not 
be suppressed in the 't Hooft limit. 

More precisely, from the supergravity analysis we find that the anyonic phase arises either 
from winding the spiky D2 with k fundamental strings around the DO (including the dissolved 
ones on higher wrapped branes), or from winding the spiky D6 with N fundamental strings 
(with the opposite orientation to the spiky D2's) around the the wrapped D4. Furthermore, 
we find the agreement of these anyonic phases with the ones from the field theory analysis, 
where the non-perturbative effect due to 't Hooft loop is involved. 

We also explore these particle-like branes and their bound states from the open string 



^In contrast, it is interesting to note that the fractional phase for the edge states of FQHE from D-brane 
construction in [7] is proportional to 't Hooft coupling. 
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picture by solving the worldvolume's equations of motion and the Kilhng spinor equations 
for supersymmetric embedding of wrapped D-branes. As a by-product, we find the BPS D2 
spiky baryonic-branes in the ABJM theory. In terms of the form of the solution these spiky 
solutions are quite nontrivial. However, our holographic anyons are not BPS states. 

We organize the paper as follows. In the next section we will review HartnoU's idea [llj 
on constructing the anyonic branes with new examples in the ABJM theory, and also set 
up the notations. In the section 3 using field equations of supergravity we show that some 
wrapped branes with magnetic fluxes can be realized as the holographic anyons in the ABJM 
theory. We find that the phase is essentially given by strings from D2-baryon going around 
DO-branes, or D6-baryon around wrapped D4-branes. In the section 4 we discuss the field 
theory interpretation of the holographic anyons found in the previous section. Moreover, 
we find that the anyonic phases from field theory analysis agree with the ones found in 
the supergravity side. In the section 5 we solve the equations of motion and the Killing 
spinor equations for the wrapped D-branes of holographic anyons. We conclude our paper 
in the section 6. Some minor details, convention setup and useful formulas are put in two 
Appendices A and B, and the details of our trial for solving BPS D4 and spiky D6 wrapped 
branes in Appendix C. 



2 Anyonic pair in ABJM 

The anyonic branes were first considered by Hartnoll in [TT] where he used field equations of 
supergravity to show that some pair of branes will pick up a fractional AB phase when one 
brane transverses the other, and thus are anyonic. He considered the examples of F-D strings 
in AdS^ X and membranes in AdS-j x S*^ based on the nontrivial topology of configuration 
space in higher dimensions such as H2{Mf^ \ M) = H^{M.^ \ M^) = Z. Instead of reciting his 
examples, we consider an anyonic pair of branes in the ABJM theory, and at the same time 
set up the notations. As we shall see, the anyonic pair is the DO-brane and Fl-string based 
on the nontrivial topology of configuration space Hi{M.^ \ M) = Z for DO going around Fl 
and H2{R^ \ {0}) = Z for Fl surrounding DO. 

We start with the relevant part of the HA action in the Einstein frame with also the 
source terms due to the presence of various strings and branes [8] 

L= - J (^e"*/f3 A */73 + e^Fs A *F2 + e*/2F4 A *F4 + ^2 A F4 A F4) 

- fio [ C^-TFl [ B2-fi2[ (Cs + CiAB^) 

J DO JFl Jd2 ^ ^ 
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- A*6 y (Cr + C5AB2 + A ^2 A ^2 + ^Ci A ^2 A ^2 A ^2^ . (2.1) 

where = - Ci A H3, 2kIq = (27r)^£f, Tpi = /ii, and /x^ = ^(27r4)2{3-p) so that 
2/€^Q/ip = {27iisy~^, and the integrations J^^ or Jp-^ are integrated over the worldvolume of 
the corresponding source branes. Moreover, B2 = B2 + 2ni'j.dAi with dAi the magnetic fluxes 
being turned on in the D-brane worldvolume. Hereafter, we will set is = ^ for simplicity. 
From the action, we can derive the field equations for C3, B2 and Ci as follows: 

d * (e*/'F4) = -H3 A F4 - 2Kl^fi2S''ixD2) - 2Kl,fi,B26\xD4) - f^lof^6B2 A B25\xm) , (2.2) 

d * (e-^ifs) + A *(e*/2F4) + A ifg A F4 - ^F^ A F4 - 2kIqTf^6\xfi) 
-2K%^I,Cs6'ixD4) - 2«:?o/^6(C^5 + C3 A B2)6^ixD6) = , (2.3) 

and 

rf* (e^^/^Fs) - i/3 A *(e*/'F4) + 2/€?^/io(59(xBo) + 2/t2g^2S25^(xB2) 
+kI^IIaB2 a B25^{xda) + \^no^J^%B2 A B2 A B26^{xd6) = , (2.4) 

where 6'^~^{xp) is the Poincare dual (9 — p)-form to the worldvolume of Dp-brane as defined 
by C*p+i = / Cp+iA6^~^{xp) with the second integral over the whole spacetime. Note that 
we arrive (12. 3 p by using (12. 2p so that the terms like Ci A B25^{xda) and C1AB2A 826'^ {xd&) 
are canceled out. 

We will consider the ABJM background [9J as follows (see Appendix[B]for more detailed 
expressions.) 

dsl = e-^'''/'^{\dsl,s. + dsl,.) (2.5) 

and 

6^*'°' = ^ , = dCf^ = Ff = dCi'^ = kJ (2.6) 

where the superscript (0) denotes that they are the background values, q is the volume 
element of unit 74^5*4, and J is proportional to the Kahler form of CP^. 
From this, we have 

* (e*^°V2^W) ^ 6^6^.^ ^2.7) 
where eg is the volume element of unit CP^. Moreover, the volume of unit CP^ is the same 

3 

as unit 6-sphere's, i.e., fo/cps = 

Now, let us consider adding a source DO particle in the ABJM background and then 
transversing a probe Fl string around it. From (12. 4p . at the linear order in the fluctuations 
we have 

A 66 = A [{2^y5\xno) + e'^'^'^d * F2 + ^rf * (e^*'°V2$^(o))^ (3.8) 
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where i^s, F2 and $ are linear perturbations on top of the ABJM background due to the 
presence of the DO source. 

Then, there is an asymptotic anyonic phase picked up by the partition function of the 
fundamental string probe after transversing around the DO as follows 

^4>FiDo = —Tfi / B2 

JdT. 

= -Tfi — j / ^2 A ee [as r„j„ — > 00] 

= -Tfi^— [ HsAee 

_ 27r 27T 1 3^,(0) /2 

~ N N (27r)7^ 

where (9S is the worldvolume swept by the probe fundamental string. In the above the 
second step is justified by assuming the minimal distance r^m between Fl and DO are large 
enough so that B2 sourced by DO is independent of the CP^ coordinates, i.e., suppressing 
the higher harmonics. Moreover, in the third step we have used the Stokes' theorem, for its 
validity we need to close up the swept surface dT, with the DO being enclosed. However, if 
the fluctuations F2 and H3 are suppressed in the large r limit, we can just fix the IR end 
point of Fl, and move the UV one to sweep out a cone-like surface 9S in the bulk as shown 
in Fig. [H Indeed, as shown in the Appendix \^ both F2 and are massive and will be 
suppressed in the large r limit. Moreover, this also implies that the dynamical part of the 
above phase, i.e., / *F2, can be neglected if the separation between the source and probe is 
large enough. Finally, from the fourth line to the fifth line, we have used the fact that since 
-F2°^ is the 2-form inside the CP^, d * ($^2"'') is a 9-form schematically written as £4 A /s 
where /s is a 5-form inside the CP^, and thus it trivially vanishes in the integral. 

Similarly, we consider putting a source Fl string in the ABJM background and take a 
probe DO particle to transverse it. From fl2.3p . at linear order in the fluctuations we have 

F2 A ee ~ {i2nmxF,) - e^^'^'rf * - e*""/2^(o) ^ ^^p^^ _ j _ (2.IO) 

P, =lFf A *(e**°'/'$^f ) + AHsA Ff - Ff A F4 , (2.11) 

where note that the first term in Pi vanishes trivially. Then, there is an asymptotic anyonic 
phase picked up by the probe DO for its transverse motion around Fl as follows 




*F2. 



asxcp-^ 



(2.9) 
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Figure 1: The world sheet of fundamental string surrounding DO-brane. 



-/^o — r — / -^2 A ee [as rmin — > oo] 



''CP^ JExCP 
1 k 



where we have used again the fact that Pi vanishes trivially inside the integral due to its 
form structure. From the third line to the fourth line, we have set F4 = B This is allowed 
since from the equations of motion (12 .2^ and (12 .4^ we have 

and these can be solved by F4 = 0, $ 7^ and H ^ 0. Finally, in the last line the dynamical 
part associated with the integral J *H3 can be neglected as before. 

The phase we have obtained here is proportional to and then will vanish in the large 
N limit. In the next section, we will introduce spiky D-branes that have a straightforward 
interpretation as baryons, which also allow us to consider the dual field theory counterpart. 
As we will see, the anyonic phase for the dressed baryon will be proportional to 1/ A which 
will not be suppressed in the large N limit. 

Moreover, by considering the field equations for D4 source, we find that Fl and D4 form 
the anyonic pair with the anyon phase proportional to 1/k, which is suppressed in the large 



^We do not have any dynamical reason to drop this term, however, the phase obtained here should be 
the same as the one in (|2.9p because of their symmetrical situations. Then we simply assume F4 = which 
is consistent with the equations of motion. 
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k limit. The detailed analysis is similar to what will be done in arriving (13. 9p . thus we will 
omit it here. 

In summary: The above anyonic pair is similar to the ones considered in [l.lj for the IIB 
and M-theory cases. However, in all these cases the anyoic phase goes to zero in the large N 
or k limit, hence it plays no role in the holographic consideration when the large N or k limit 
is taken. In the next section we will consider the case with nontrivial anyonic phase even 
when the large N or k limit is taken but k/N is fixed. Especially they can be understood 
as the anyonic particles on the boundary dual Chern-Simons theory. 



3 Holographic anyons in ABJM 

Based on the similar supergravity approach, we now show that a slight generalization of 
the particle-like branes proposed in [9] are in fact the holographic anyons with the anyonic 
phases surviving even in the large N and k limit. Since we want these holographic anyons 
to be particle-like on the AdS boundary, so it should be the particle-like branes as discussed 
in [9]. We will see that there is an extra ingredient to have nontrivial anyonic phase, which 
is to introduce dressed baryonic branes. 

These holographic anyons are constructed as following. Wrapping uq D6-branes over 
CP^ n4 D4-branes on a CP^(or CP^ x CP^) cycle of CP^ and na D2-brane on a CP^ cycle 
of CP^. These D-branes look as particles in the AdS^ located at some radial distance, which 
can be combined with uq DO-branes to form a composite particle. Besides, we will also turn 
on the magnetic fiuxes denoted by dAi on the worldvolumes of D6, D4 and D2 wrapping 
over the cycles on CP'^ such that 

1 f dAi dAi dAi , , 

fi/ iA— i=m6, (3.1) 

1 /■ rfAi dA^ , , 

A Jq,j>2 ztt ztt 

and 



-— = ma (3.3) 

Cpi 277 

where m^'s are integers, and can be understood as relating to the number of dissolved DO 
branes |f| and the associated linking numbers. Note that though we have used the same Ai 
for all the cases, they are all different gauge fields on different branes. 

Moreover, as pointed out in [9J, the D6-brane worldvolume Wess-Zumino(WZ) coupling 
J^g Ai A *Fi implies that there are n^N fundamental strings ending on it. Or, the D6-brane 



•^From the Chern-Simons terms of probe D6 and D4, the magnetic fields can also induce D4 (on probe D6) 
and D2 (on probe D6 and D4) charges. However, unlike the induced DO's, these charges will not contribute 
to the anyonic phases considered here. 



7 



has a spiky shape, similar to the D5 baryonic branes considered in [201 [221 |23l [23] . Similarly, 
the WZ coupling J^^ -^2 on D2-brane worldvolume implies that there are F-strings 
ending on it. However, the orientations of the above two kind of F-strings are opposite so 
that the net number of fundamental strings is n^N — n2k. These fundamental strings will 
stretch like a spike from the wrapped branes and end on the AdS^ boundary, which looks as 
a composite particle on the boundary, namely, the baryon 0. Since these baryons would be 
dressed by the chiral operators dual to the induced DO- and D4-brane charges, we will call 
them the dressed baryons. We will show that these dressed baryons are in fact anyons. 

If we turn on such a spiky particle-like brane as a source in the ABJM background, then 
from (12. 4p . to the linear order we hav^ 

k ( Q.T.fO) /n , „ 3 q^(0)/o , ,^ , 1 27r 



Tfi N 



( c-Q/ \ '^^1 e-7/ \ 1 rfv4i dAi , \dAx dAi dAi ^n, A 

nod [xdo) + -:z—n20 [xd2) + A ——nib [xDi] + A -— A -— ngf) [xDa] 

\ Zt[ I In Itx zvr zvr /vr / 

where i^s, F2 and $ are linear perturbations on top of the ABJM background due to the 
presence of the particle-like brane source. Then, the asymptotic anyonic phase picked up by 
winding the Fl around the particle-like brane is 



= —Tf\ / B2 

= -Tfi — ; / H3 A [as r™„ — ^ 00] 

27r , 27r 1 q${o) /o /" / \ 

= — T7{no + n2m2 + nim4 + nGmG) - ———e ' *F2, (3.4) 

TV TV [27T)' J9SXCP3 

and again d* ($^2''^) part vanishes trivially in the integral. The second term in (13. 4p can be 
neglected as usual due to the massive nature of F2. Note also that the IR end point is fixed 
when we sweep the F-string, and the swept surface is closed up at IR end. 

Now we consider two spiky particle-like branes with quantum number (nj,mj,r) and 
(n^, m-, r') for i = 0, 2, 4, 6 except there is no mo and rriQ. r and r' are their radial locations 
respectively. Consider that r' ^ r. Once we exchange these two baryons on the boundary, 
it will induce an equivalent anyonic phase by the following two viewpoints. 



^As for baryonic D5-branes, the spiky brane configuration is BPS but the one with fundamental strings 
ending on the brane is not. 

^ (|2.2p and (j2.3p would give the contributions to the anyonic phase from D2 and fundamental string 
charges respectively, but it turns out that they will not have any effect on fundamental string going around 
the particle-like branes. It would be because these wrapping branes do not carry the net charges, only 
multipoles, and then their effects are neglected in our approximation. 
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The first is that the (n^, rrii, r) particle is enclosed by the swept F-strings attached to the 
{n'-,m'-,r') particle, i.e., 

A0Doz)2 = ^(n'a/i; - ngA^) (no + n2m2 + n4m4 + neme) 

= 27r(— nQ)[no + n2m2 + n4mii + nQiJiQ) mod 27r, 

A 

= 2vr^, (3.5) 

where A = N/k is the 't Hooft coupling, which is fixed in the ABJM theory when taking 
large N and k limit and A^o = '^o + ^2^2 + ?t-4^4 + ^e'^e is the total DO brane charge 
carried by (rij, mj, r) particle-like brane. The second is that the (n^, mj, r) particle is moving 
around the Fl strings attached to the (n., m^, r') particle. Note that we regard r' as virtually 
infinity, since otherwise the surface S spanned by the orbit of DO is not well defined. Now 
the linearized equations of motion leads § 

F2 A ee = ^ [{2Txf{n',N - n'^k)5\xF^) + {2tx f n'^cf^ 5\xd,) + 2Txn',cf^ A B^d^xm) 

-e-*'°'rf * if3 - A *(e*'°'/'F4) - Pi) , (3.6) 

where Pi is given in (12. lip . In this expression only the first term will contribute to the phase 
as 

A0z)oD2 = - I Ci X [ + I B2 + ^/i4 / B2AB2 + I B2AB2AB2 

JdT, \ JCPi 2 Jcp2 b Jcpi 

= -2n^. (3.7) 

In this result, the minus sign of the phase corresponds to the fact that now the particle- 
like branes go around the F-strings in the opposite direction. Note that this anyonic phase 
survives in the large limit and is coupling dependent. Moreover the phase is basically 
given by winding the F-strings of the spiky wrapped D2-brane around the DO-branes, which 
includes the ones induced (or dissolved) on higher dimensional branes' world-volumes. 

Now we move to the anyonic phase regarding D4-brane source. To see this type of 
holographic anyons, we can inspect the field equation of the 6-form fiux, and at linearized 
level it is 

Hs A Pf =d * (e-^'^'/'F,) - Id * (e-*^"'^^$Pi°)) + 2^l,^,,6%xn.) , (3.8) 

which can be obtained as the Bianchi identity of 2- form field strength [12]. With this, we 
now consider the winding of a Fl around a wrapped D4 over a 4-cycle inside CP^. 



^We again set F4 = for the same reason as in the footnote 2. 
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We have the 2-form J = dtu which is proportional to the Kaler form of CP^. We 
here consider D4-brane wrapping on a four cycle which is dual to the 4-form J A J. Since 
J A J A J = — 48e6, the Poincare dual inside CP^ to the world volume of D4 is given by 
5^ = — J/(27r). Thus, the associated AB phase is 

JdT. 

= -^F^—^1 / H3AJAJAJ 

„ / , / _,T,(0) /o „ \ 1 



■Fl- 



SxCP'^' 



(27r)3 k 

27r 

(27r)^ k Jasxcp^ 

In the last line, the same argument goes as before, and the integral for *Fq can be dropped 
when the distance between the Fl and the D4 source are far enough. Therefore, the anyonic 
phase of the dressed baryons being made of D2-D4-D6 bound states is 

A(I)D4D6 = -^{n'aN - n'^k) mod 27r = 27™gA . (3.10) 
k 

Note that only D6's fundamental strings contribute to the phase nontrivially, and the AB 
phase of D4-D6 holographic anyons is proportional to the 't Hooft coupling, not its inverse 
like the D0-D2 case. 

For more generic case with fractional branes or fractional fluxes wrapping on the cycles 
of CP^ such as the ones considered in |10|, we may obtain more varieties of anyonic phases. 

In summary: From linearized supergravity analysis, we show that the dressed baryons, 
which are either D0-D2 or D4-D6 bound states, are the candidates of the anyons for the dual 
Chern-Simons theory on the boundary. Moreover, the fractional phases are proportional to 
either the 't Hooft coupling (for D4-D6) or its inverse (for D0-D2) so that they could persist 
even in the large N and k limit. This is in contrast to the anyonic pairs considered in the 
previous section. 

Up to this point, two remarks are in order: 

D-brane solutions for the holographic anyons 

In the above, we have only shown that there are possible holographic anyon candidates 
as the spiky magnetic wrapped branes, however, we still need to solve these configurations 
from the field equations for the probe wrapped branes. Also, we also like to know if these 
holographic anyons are BPS objects or not. We will consider these issues in Section [5l 
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Dressed baryons as anyons in AdS^ x 7 



One may wonder if we can construct the similar anyonic baryon dressed by the dissolved 
D-strings in AdSr, x case. The answer is no. This can be easily seen from the following 
relevant field equation 

d * (e*™F3) - fP AHs- Kl,fi,B2 A B26\xd5) = (3.11) 

in which the source D5-brane is wrapping the with N fundamental strings stretching out 
to the AdS^ boundary. Note that the Poincare dual 4- form S'^{xr>5) locates the D5-branes 
at a point inside the spatial part of AdS^, i.e., it is proportional to the spatial part of the 
volume form of AdS^. From (13.111) we will obtain the induced anyonic phase for the probe 
fundamental string is 

A(j)r^ [ dAiAdAi5\xD5) (3.12) 

However, the above integral is zero because ^^(x/js) is proportional to the spatial part of 
the volume form of AdS^ and dAi A dAi is a 4-form inside the part, and then they are 
trivial in the above integral. Adding other branes wrapping the cycles on will not change 
the result. Therefore, there is no analog for anyonic QCD dressed baryon as in the ABJM 
theory. 

4 Dual operators for holographic anyons 

In 2+1 dimensions, the anyons can be realized by attaching the magnetic fluxes to the 
electrically charged particles. This can be simply realized via a Chern-Simons theory as a 
low energy effective theory of strongly coupled Landau fermions, and its brane construction 
has been considered in [7] by using a D4-brane wrapping on CP^ of CP^ to realize the edge 
states of the Fractional Quantum Hall Effect (FQHE). There, the anyon is identified as the 
fundamental string attached to the edge. However, this is not the anyon considered here. 
In our case, the anyons are holographically realized as the magnetized particle-like branes 
in the original AdS^ x CP'^ background, and shall be realized as the dressed baryons in the 
dual Chern-Simons-Matter theory. 

We recall the discussions on the particle-like branes in the original ABJM paper [9], 
see also [16]. The key point is to identify the RR symmetry as the global baryon number 
symmetry in the dual Chern-Simons-Matter theory, namely, the sjmametry currents are dual 
to each other, 

Jb < — > J = kno + Nn4 (4.1) 

where no and are the charges of DO and wrapped D4-branes as defined before. So, the 
uq DO-branes will be schematically dual to the chiral operators 0^"^° where Cj is bosonic 
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bi-fundamental matter fields in the 4 representation of tlie S'f/(4)ij, and tlie D4-branes 
will be dual to di-baryon operator [det(C)]"''. On the other hand, the wrapped D2 and 
D6-branes need to be attached with k or N fundamental strings whose other ends are on the 
boundary, and they could thus be dual to the baryons on the field theory side. According 
to the supergravity analysis, one should dress the dual of the baryons by the magnetic flux 
to have the nontrivial anyonic phase, and the magnetic fluxes should be the dissolved DO 
branes. These dressed baryons are the bound state of baryonic spiky branes and particle-like 
branes in the supergravity side, and then they should correspond to the bound states of the 
baryons and the chiral operators such as C''^"" and [det(C)]"''. Then, the question is how 
could we have nontrivial AB phase when winding one dressed baryon around the other? 

The key point to answer the above question lies in the fact that the baryon number dis- 
cussed above coincides with the anti-diagonal f/(l)b of U{N) x U (N), thus the chiral operators 
(jkno g^j^^ [det(C)]"* carrying nonzero baryon number are not gauge invariant. Instead, one 
needs to make them gauge invariant by attaching the appropriate 't Hooft disorder operator, 
which can also be defined by the large gauge transformation generated by the center of the 
gauge group along a given contour C, known as the 't Hooft loop [13], [m |15] . More explicitly, 
the C*^ should be attached by a 't Hooft disorder operator in the (Sym(N'^), Sym(N'^)) rep- 
resentation, denoted by Tq [9], and det(C) by the U{1) 't Hooft operator which is equivalent 
to the Wilson line e'^-^^ denoted by W4 |16j^ . where ai, is the gauge field of U{l)b. Even 
though the definition of the 't Hooft disorder operator via the action of 't Hooft loop seems 
non-local, it was shown that the fields in the ABJM theory cannot detect it when winding 
around. This is because Tq causes the large gauge transformation (e^'^*/^, e^'^^^^) and 
does (^e27rj/fc^ g27ri/fc\^ g^^^ therefore for the bifundamental matters in the ABJM theory these 
phases cancel oul|j. On the other hand, the 't Hooft disorder operators may detect each 
other while winding around, and could be anyons. 

Indeed, Itzhaki [15] has shown that in U{N)k Chern-Simons theory without charged 
matters the 't Hooft operators are equivalent to the Wilson lines in Sym(N'^) representation 
§, and moreover, they are anyons. This is because exchanging two 't Hooft operators is 



We should comment on one subtlety here. W4 is equivalent to a monopole with a fractional U{l)i 
charge. In order for this monopole monopole with a fractional charge to be allowed, we need to identify the 
diagonal C/(l) to be the center, and then the gauge group is essentially to be [U{N) x U{N)]/U{l)i. This 
change would cause a problem in identifying the moduli space of ABJM theory. However, in the path-integral 
we can only include monopoles that are compatible with fields in the fundamental representations of each 
U{N), and it does not lead to any significant difference from the original setup. So we here simply say that 
we have det(C) operator with original ABJM setup. See (TB] for details. 

^To be more precise, there is still difficulty in invisibility of Tq and then locality of C'^ in non-Abelian 
theory. To define a good local C'^ operator, we would need to employ the state-operator correspondence of 
CFT |17j , and the exact definition of our anyon operator in this manner will be left to a future work. 

^The equivalence does not hold if there are charged matters in the theory, like the ABJM theory. 
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related to an Wilson line in Sym(N'^) representation under the large gauge transformation 
generated by the 't Hooft loop, and such a large gauge transformation will yield a fractional 
AB phase, i.e., irk/N. However, in the ABJM theory it is not clear what is the gravity 
dual of the single 't Hooft operator, otherwise it could be the holographic anyon. Instead 
the chiral primary- 't Hooft disorder operator bound states dual to wrapped DO and D4- 
branes are gauge invariant configurations, and therefore are also invariant under the large 
gauge transformation generated by the 't Hooft loop. That is, these bound states cannot 
be anyons. This seemingly negative result in search for the dual of holographic anyons, but, 
is consistent with the supergravity analysis eg. (13.51) which says that the fractional phase is 
absent if there is D2 nor D6 charge in the bound state. 

All the above suggests that one needs to turn on either D2 or D6 charges to have holo- 
graphic anyons, that is, we need to consider baryon operators or the dressed ones. 

Now we turn to consider the possible candidates for the field theory dual of D2-brane 
wrapping on CP^ C CP'^ or D6 brane on the whole CP^. This is dual to a baryon vertex 
in the field theory side, which binds either k fundamental fields Q's or anti-fundamental 
fields Q^'s to make a bound state. In the IIB brane construction of the ABJM theory, 
we may think that the new fundamental field Q can be realized by the open string between 
the probe D3 or D7 branes and the background D3-branes which are separated by the NS5- 
branes into two parts, corresponding to the first and second U (N), respectively. As suggested 
in ABJM [9] , one may also consider these Q fields as the ends of Wilson lines that are dual 
to the fundamental strings in the bulk. The end points indeed transform as the fundamental 
representation and would not carry the charge of the global f/(l)f,. So we here assume that 
Q are not charged under U{l)b, which is also consistent with the supergravity analysis. 

Introducing D2-brane amounts to introducing baryonic bound state of k Q-fields 0, 
denoted by Q''. Naively, it seems that we need to introduce the attached 't Hooft disorder 
operator as before to make such baryon gauge invariant. However, this is not true because 
the dual D2-brane has F-strings stretching to the boundary, and it is no longer just a closed 
string state. Since Q is in the fundamental representation of the first U{N) only, Chern- 
Simons action may provide magnetic fiuxes attached to it, and make it anyonic. Or we may 
adopt the Wilson line interpretation of Q, and in this case it also will have non trivial effect 
when two of them are exchanged. However, due to the existence of the other charged matters, 
this analysis is not easy to carry out. So here we concentrate on the part of the anyonic 

^"it is anti-fundamental for D6 string since the orientations of the fundamental strings for D2 and D6 are 
opposite. 

^^Adopting the identification of Q fields with D3-D3 (or Q with D7-D3 string), one may specify the 
statistics of the ground states for the open string by counting the number of Neumann-Dirichlet boundary 
conditions, as in |23) . It suggests that the ground state would be bosonic for 3-3 string and fermionic for 3-7 
string. We however do not pursue this issue in this paper. 



13 



phase we can calculate unambiguously. This treatment is also in line with the analysis in the 
supergravity side, where only D2-D0 brane pair essentially contributes to the anyonic phase 
to the leading order. We then consider the baryon dressed by the bound state of and 
Tq. Since is not invariant under the action of 't Hooft loop, when goes around Tq, it 
gets the gauge transformation (see Figure Wj 

Qk ^ (e2^.^)fcgfc ^ e^g^ (4.2) 

while if it goes around it will be 

Qk ^ ^^2i.lYQ^ = Q^ . (4.3) 

So D2-brane baryon detects the existence of Tq but not W^. This implies that Q^-C^-Tq 
bound states are the holographic anyons with the fractional phase equal to 722 multiples of 
2Ttk/N , this is in agreement with f l3.5p . 




Figure 2: Adiabatic exchange of two particles A and B (left). This is topologically equivalent 
to the right configuration with linking number 1 and A will get gauge-transformed if B is 
the 't Hooft operator. 

Similarly, D6-brane baryon is a bound state of Q^'s, denoted by (Q^)^, which would 
be a singlet of SU{N). Now the situation is totally opposite to the D2-brane baryon: it 
acquires e^'^^^l^ phase factor from but the trivial one from Tq, i.e., it detects W4 but 
not Tq. We need to dress it by the det{C)-Wi bound state to make anyon. Therefore, the 
{Q"^)^ -det{C)-Wi bound states are the holographic anyons with the fractional phase equal 
to ne multiples of I-kN jk phase. Again, this fractional phase is captured by (IS.lOp . 

In summary: we assume the strings from the spiky D2 or D6 branes form the baryons, 
and by dressing them with the gauge invariant chiral primaries dual to the DO or wrapped 
D4-branes, we can obtain the holographic anyons, with the fractional phases in agreement 
with the supergravity analysis. 

Moreover, due to the non-trivial dressing, these holographic anyons may have less super- 
symmetry than the chiral primaries, and even are not BPS stated. Since it is not clear how 

-"^^It has been pointed out that they would not be BPS configuration and the reason is the following. Since 
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to check the BPS condition for such a composite operators, we will instead check it from 
their open string duals in the next section. 



5 Constructing the holographic anyons 

In this section, we describe supersymmetric DO- and D2-brane configurations in the ABJM 
background. The anyonic pair in the supergravity side can be constructed by these BPS 
configurations, though the bound states may break supersymmetry. 

The Killing spinors in the ABJM background is summarized in the Appendix [Bl For our 
purpose in this section, it is more convenient to work in the Poincare coordinate for AdS4^. 
Despite that, the Killing spinors given in flB.9|) - flB.12|) are still too complicated to be used to 



solve the kappa symmetry condition ( 1B.17l) -( lB.19p for the BPS embedding of the D-branes. 



We have also tried to find BPS configurations of D4- and D6-branes, but have not made it. 
The setup and ansatz used there are also summarized in the Appendix C. 



5.1 DO-brane 

We start with considering DO-branes in the ABJM background and find the BPS configura- 
tions. In the ABJM paper, the chiral operators schematically represented as are identified 
with DO brane in AdS^ x CP^ background. These operators are in Sym^(4) representation 
of SU{4:)r. In the gravity side, this SU{4:)ji corresponds to the isometry of CP^ and then 
BPS configuration would carry nontrivial angular momenta in CP^. We then consider DO 
brane configurations rotating inside CP^. The Cartan subalgebras of SU{4:)ji correspond to 
the shifts in x, (pi and coordinates and we thus turn on the angular momenta along these 
coordinates. 



One-angular momentum case First we consider a general configuration, where the DO 
brane coordinates are given hj x = y = 0, 9i, 02, a are all constant and (pi{t), ^2{t), x{t) and 
r{t) with the static gauge r = t. Then the action is given by 



det g — Ti 



DO 



ktu 



where 



Tdott I dt 



H 



rr? ^ ■ 2^ n ■ -2^ n ■ 

V -n — - COS ax — COS — cosyi<y9i — sm —00^62^2 



(5.1) 



(5.2) 



Qk corresponds to a flux of only one gauge group, is charged under only one gauge group, as stated in the 
text. So it would sit in an angular momentum state and therefore there will not be any BPS configuration 
of this kind of operator and usual chiral operators. 
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ct ol 

^4 = sin — cos — (x + cos 6'i(^i — cos 6*202) , (5.3) 

OL 

S =cos — sin^i^i , (5.4) 

OL 

C = sin — sin 6*202 • (5.5) 

Obviously, constant x, (p\ and 02 configuration solves the equation of motion and we will 
assume this. 

The K symmetry projector is given by 

r =-^rn (rV^ - -V^ + AFs + BV, + CV^ , (5.6) 



and the BPS condition is that 

e^JCCMeo, (5.7) 

is solved by a constant spinor eo. We first take r{t) — tq. Inspired by the supersymmetry 
condition preserved by M2-branes generating this background, we may impose a projection 
condition, 

'yT^eo =eo , (5.8) 

the Killing spinor is a bit simplified by A^eo = eo. After then we can take Tq — > and then 
now DO brane is sitting at the center of AdS4. 

Here we concentrate on the simplest case where only one of A, S or C is non-zero. All 
the cases go in parallel and then we consider B — C — 0, that is, 0i = 02 = case. In this 
case the BPS condition is simplified to be 

irsPii/C^eo =/C£eo . (5.9) 

When Oi — 92 — 0, PsPn commutes with /C and then we need to solve 

iPsPiireo =£60 . (5.10) 

By commuting FsFn with £, we finally arrive at 

ir5riie-^(^r"-r«)eo=eo. (5.11) 

We then impose the further projection conditions 

iT^Tiieo =eo , 7riieo = 14560 , (5.12) 
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to solve the BPS condition. Let us count the number of the supersymmetry preserved by 
this DO-brane. Together with the previous projection condition and f lB.15|) . we have imposed 
the conditions 

7^3^o = eo , 7riieo = T^^eo , Fereo = Tggeo , 

iT^Tiieo = eo • (5.13) 

So this configuration is a 1/6 BPS configuration. 
5.2 D2-branes 

Since the wrapped D2-branes carry RR 2-form charges which should be canceled by the fun- 
damental strings extending to the infinity. Similar story happened before for the wrapped 
D5-brane as the dual baryons proposed in . Soon it was realized that the whole configu- 
ration can be realized as a spiky branes 125] in AdS space, quite similar to its fiat space 
counterpart considered in [211 El]. Moreover, this configuration is BPS, in contrast to the 
non-BPS one considered in [26] by simply attached the fundamental strings to the wrapped 
branes. Following the same reasoning, it suggests that D2-brane wrapping on CP^ with 
/c-strings attached and D6-brane wrapping on the whole CP^ with A^-strings attached will 
be BPS when we replace the bunch of strings with a "spike" solutions on the DBI action 
[20] . We now construct the BPS spiky D2-branes here. However, we also find that the spiky 
D2 with magnetic fiux satisfying (13.31) does not solve the equations of motion. Thus, we 
cannot have holographic anyon only from the spiky D2, instead we need to use the bound 
states such as the ones of spiky D2 and D4 with magnetic fiux satisfying (13. 2p . Though this 
kind of holographic anyons could be unstable. 

Ansatz Suppose the D2-brane is wrapping on CP^ given by a = slice of the CP^ and 
has a spike sourced by fc-unit of the electric charge. The CP^ is parameterized as 

dslp, = ^ {del + sin^ eidi^l) , (5.14) 

and because of the factor 4 in fIB.ll) . now AdS^ and CP^ has the same radius. We take the 
static gauge 

T = t, (Ti = 9i, a2 = (pi, (5.15) 

and the brane configuration is assumed to be given by r{6i). We also turn on fiuxes on the 
D2-brane, to be generic we have both electric and magnetic fiuxes 

=2na'F 

=E^dT A da^ + E^dr A da^ + Bda^ A da^ . (5.16) 
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The DBI part of the action is 

Sdbi ^Td2 j e-*V-det(^ + 27rQ;'F) 

^Td2^R^ j dtdOidcpi Vh , (5.17) 

H = sin2 9i (r^ + r'^) + r^B^ - sin^ 9,El -(^l + !^^El, (5.18) 

where 'B = B/ B? etc. This D2-brane also coupled to the background RR 2-form flux, 



Swz = - Td2 j Aku 
k ~ f 

= - Td2^R^ / El cos 9idtd9id(pi . 



(5.19) 



Thus the equations of motions are 



0^d,{^-^E2]+do/''^ 



'01 



H 

sin^ ^1 



Ei + cos^i ]-d^,\ i^E2 



7 \ VH 

r'sin'^i - ^eA rsin2^i + rB2 + ^:^E^ 



H 



(5.20) 
(5.21) 

(5.22) 

(5.23) 



K-symmetry Projector For this D2-brane configuration, ^-symmetry projector becomes 
1 



rsin^iro67 - r'sin^iroar + sin^iEiryrn - EsFern + -Eargrn - BrroFii 



Now the BPS equation reads 

TICjCeo =K,CeQ , 
where we have already assumed 7r3eo = eo. First consider 



(5.24) 



(5.25) 



rsin^iFoBT - r'sin^iFoar - EaFgFn + -EsFgFn + BrFoFn ) e-^^^^^-^^^") 



+Eisin^ir7rn] , 
where we have used a — 92 — ^■ 



(5.26) 



18 



We here assume the following projection conditions on the constant spinor eo, 

7r3e+=r°i% = eo, (5.27) 
ro67eo =ueo , (5.28) 
Tosriieo =veo , (5.29) 

where u and v are ±1. The reason is the following. The first condition is the SUSY condition 
for the background M2-branes (or D2-branes) in the flat spacetime, and we have already 
imposed this condition for t-independence. The next condition is a (local) BPS condition 
for D2-branes wrapping on CP^ whose tangent space is given by 6, 7 directions. The last 
one is the BPS condition for the fundamental string stretching along the r-direction. With 
this ansatz, it is easy to see that 

Ceo =e^(''-")^"eo . (5.30) 

When B = or M = u, this factor is commuting with /C^^F/C and decouples from the BPS 
equation. Next consider e~^''^^''~^'^'""''eo part. Note that this factor commutes with C now. 
Under the projection condition, it becomes 

So we assume u = v and then can take £ = 1. Further employing the projection conditions, 
the BPS equation becomes 



ur sin Oi-VH- {vr' - Ei) sin ^iFtFh - EsFeFn + -E2F3F11 + BrFoFn Cq = . 

r 

(5.32) 

Since F6Fii,F7Fii and FoFn are not commuting with the projection conditions, we need to 
set all the coefficients to be zero, that is, E2 = B = and 

Ei = vr'. (5.33) 

The rest condition is 

ursm9i = ^/H , (5.34) 

and this can be solved by -u = 1. In order to fix the profile of the spike, we then consider the 
equations of motion. The first two equations ( 15.201) and (I5.2ip are trivially satisfied. The 
last two equations f l5.22p and fl5.23p lead the same equation 

(9e^ ( — sin 6'i j = sin 61 , (5.35) 
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which can easily be integrated and the solution is given by 

1 /1-cos^i^^' 



r{e,) =Ci—-- . , . (5.36) 

smt^i \ smfe'i / 

Here, one of the integration constant C2 will be set to one in the following by the plausible 
flux distribution, and the other Ci is the free moduli parameter for the radial position of the 
wrapped D2. Even though there is no BPS solution for B 7^ case, one may wonder if there 
is non-BPS solution for it. However, it turns out that there is no spike solution of equations 
of motion for £2 = but B 7^ satisfying (13. 3p . i.e., B = ^ sin 6^1. To see this, one can 
first solve Ei from (I5.22p . and B is also given, then one can show that the remaining two 
equations (I5.2ip and (I5.23P are not consistent with each other in solving the spike profile 

Note that by giving up on having a spike we can obtain a solution to the equations of 
motion with a magnetic field. To see this, first notice that we need to introduce k charges 
corresponding to the attached fundamental strings, as k6'^{x) term in the Wess-Zumino term. 
Having this term allows us to set Aq = const, consistently and then we have E = 0. Then 
together with r = const., one finds that B oc cos 6*1 solves the equations of motion. 

Distribution of the electric flux In order to see Gauss law part of the equation of 
motion, it is useful to rewrite the action using explicitly A.^. We first consider the case with 
E2 = 0, B = and Ei = —R^'^27Ta'dg-iAt. Then the At equation of motions is 

k 

dg^Ug^ =To2^'2TTa' sin Oi,, (5.37) 
^ ^ k , sin 01 El 

n. = - TD2-2na'— , 5.38 

where 

TO ^'■''> 

is the conjugate momentum. This corresponds to Gauss law V ■ E = p part of the Maxwell 
equations and the integration of H defines a conserved quantity and then integration of the 
right hand side over the spatial volume (now CP^) should give the total charge. 
We here take the BPS spike solution. 



r(0i) =C,- 



1 /I -cos 01^^' 



and we obtain 



"sin 6*1 \ sin^^i 
Ei=r', At{9i) = r, (5.40) 



=-— (C2-cos0i). (5.41) 
4tt 
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First we see the profile of tlie solution. For 6i goes to vr, botli of r{6i) and At get divergent 
and then we conclude that the point charge is located at 6i = vr. Next for small 6i, both of 
r{9i) and At behave as 6'p~^. Therefore for the solution to be smooth on the other side of 
the spike, C2 > 1. Finally, by integrating IT over CP^ we find 

J sin eideidifiiUe, = - Cik . (5.42) 

This charge has to cancel the k units of charge induced by the background, and therefore 
we get C2 = 1. Thus the correct BPS solution with a plausible profile is given by 

where tq = Ci/2 denote the position of the end of the spike at 6* = 0, i.e., the radial position 
of the wrapped D2-brane. 

We then conclude that each DO-brane having an angular momentum and D2-brane with 
a spike is a BPS configuration. It however turned out that, within our ansatz, the preserved 
supersymmetry by DO and D2 branes are not compatible. Furthermore there does not exist 
BPS spike D2-branes with magnetic fluxes. These facts imply that our dressed baryons, 
D0-D2 bound states, are not BPS. 



6 Conclusion and Discussions 

In this paper, we have constructed the holographic anyons in the ABJM theory from the 
gravity, CFT and open string sides via AdS/CFT correspondence. The construction is more 
subtle than naively expected in all three aspects because it is the nontrivial generalization 
of the usual anyon constructed in the U{1) Chern-Simons effective theory. In U{1) case we 
attach the magnetic flux to the electron to make it anyon via the Chern-Simons coupling. 
Similarly, here we attach the nonabelian 't Hooft operator to the baryon to make it anyonic. 

We find two types of holographic anyons as the dressed baryons. One is the D0-D2 
bound states, and the other is the D4-D6 ones. The anyonic phases from gravity and CFT 
sides agree. For D4-D6, the anyonic phase is proportional to the 't Hooft coupling, and for 
D0-D2 its inverse. Interestingly, these two pairs are not related by the usual Hodge duality 
in ten dimensions, since it relates Ci to Cj and C3 to C5 but in the relation above the roles 
of DO brane and D4 brane are exchanged. It has been suggested that this relation can be 
understood as a kind of geometric duality inside CP^[T6]. Moreover, by combing with the 
level rank duality we can transform one anyonic phase to the other one, i.e., 

N i — > k , riQ i — > , 77-2 < — )■ uq , (6.1) 
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and the anyonic phases are then switched as 

2'Kk 2'kN , , 

> n,-^. (6.2) 

In the above, Hp is the number of wrapped Dp-brane baryons in the anyon bound states. It 
is interesting to see if the combination of D0-D4 duality and level-rank duality is related to 
the particle- vortex duality in the quantum Hall system [27]. If this is the case, then D0-D2 
and D4-D6 can be understood as the particle-vortex dual pair of CFT's collective modes. 

We also like to comment more on the agreement of the anyonic phases from gravity and 
CFT sides since it suggests that the anyonic phases do not run with the coupling constant. 
This seemingly topological feature should be due to the neglect of the interactions between 
the BPS Dp-branes if they are far enough from each other. Especially, in the supergravity 
side, if the distance between two branes (or strings and a brane) is not far enough, we may 
not be able to neglect the dynamical part of the phase, and as the separation distance goes 
to zero, the phase will disappear. This behavior might correspond to the fact in the field 
theory side that the 't Hooft loops, or Wilson loops, become unstable once we introduce 
the fields which are not invariant under the center of the gauge group [13]. Therefore, the 
holographic anyonic phase is a long-range property of these pairs. 

As a by product, we also examine the Killing spinor equation for the embedding branes 
wrapped over CP^. Though we have found the nontrivial BPS spiky wrapped D2-brane con- 
figuration, surprisingly some expected BPS solution for the chiral primary such as wrapped 
D4 brane and spiky D6 brane are not found by the simple ansatz based on symmetry argu- 
ment. Despite that, we have put down the details of our unsuccessful trials and hopefully this 
will help for the further studies. We also note that though each of DO brane and D2-brane 
with a spike is BPS, their bound state is not due to unmatching of the super symmetries 
they preserve. It thus suggest that our dressed baryons are not protected from quantum 
corrections and it would appear very differently in either weak and strong coupling regimes. 
As noticed above, though, the anyonic phase (more precisely AB phase) between DO and 
D2 are stable when the distance between them are far enough. It is then also interesting to 
investigate whether there exist BPS dressed baryon states in ABJM background. 

We hope our results will inspire more studies on the connection between string theory and 
other branches of physics via AdS/CFT correspondence. It is also interesting to see if one 
can find the holographic anyons in the other holographic duals, and moreover, consider the 
dynamical consequences of these anyons, such as the implementation of topological quantum 
computing. 
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A Massive fluctuations 

We will show that F2 and H^, are massive fields in the AdS bulk. This can seen most easily 
from the relevant field equations: 

d * F2 - + 47r5^(2:) - , (A.l) 

d * //g + F2 = . (A.2) 

From the above, we will obtain 

d*d*H3 + Hs^ A7r5^(x), (A.3) 

or 

AH3 -Hs = -AttS^x). (A.4) 
Obviously, it is a massive field, so is F2. 



B Killing spinors and supersymmetric embeddings 

The ABJM geometry in the string frame metric {£s — 1) is 

ds^ =R^ {ds\as^ + Ms^^ps) , 

dr^ 

{-dt'^ + dx^ + dy^) + — , 

^ ^ ' , a 2 

' ^ {dx + cos 9id(pi — cos 92dip2) 



d,^ - 



7 2 • 2 ^ 2 

da + sm — cos 



'0^difl) 



+ cos^ ^ (del + sin' 

■^'e2d^l) 



+ sm'-{de'2 



+ sin^ 



(0 <a,^i,^2 < TT, < <^i,(/72 < 27r, 0<x<47r) 
3 

F4 ^-R^dQAdS, , F2 = kdu , e'* = -p- , 

iin^ — cos6'2(i(^2^ ■ 
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a; 



1/ , „ /IT 0-2'^ 

= - ( cosaax + 2cos — cost^ia(^i + 2sm — 
4 V 2 2 



(B.l) 
(B.2) 



(B.3) 
(B.4) 

(B.5) 

(B.6) 
(B.7) 
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In particular, we have chosen the Poincare coordinate for the AdS^, which is more convenient 
for the Kilhng spinor analysis. 

This background has the following vielbein: 

R 

e° = Rrdt , = Rrdx , = Rrdy , = dr , 

r 

— Rda , — Rsin — cos — {dx + cos 9id(pi — cos 92dip2) 

e^ — Rcos—d9i, — Rcos — smOidcpi 

= ^sin ^d62 , = ^sin ^ sin 62d(p2 ■ (B.8) 

Killing spinor This background turns out to have the following Killing spinor 

e ^ICCMeo , (B.9) 

iC ^g-f (7r4-r5rii)g-%(7r6-r7rii)+%(r4r8+rBr9) ^ {B.IO) 
£^ _g€i7rii+^2r46+^3r67+C4r89 Y\}^ 



M =rV2 



2 V " ^ " ^ r / 2 



where 



Note that 



(B.12) 



Meo = eo (B.14) 



if 7r3eo = eo- 

And the dilatino condition gives projection condition for the constant spinor 

(tFu + r^' + r^^ + r«9)eo = o . (b.is) 

Moreover, these four Gamma matrices commute with each other and have their squares to 
be —1 so we can choose 

7riieo = isoeo, r45eo = isieo, Fereo = is2€o, Fsgeo = isaeo, (B.16) 

where Sj e ±1 and satisfy J^jSj = so that the background is found to preserve Af = 6 
supersymmetry. We can choose another matrix commuting with all of the above as = 
poi2 j^g^y write the eigenvalue of this as is^ and then the 32 component spinor is specified 
by the set of the eigenvalues (sq, Si, S2, S3, S4, S5). 
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The projector The /t-symmetry projector for a Dp-brane with world-volume gauge field 
strength T2 in a Lorentzian background is given in [HI [19] as 

00 

(B.17) 



=(rn)"+"^r(o) , (B.18) 

^(0) =r^^^^""^''^'7n-..+i , (B.19) 



(p + 1)! 



1^1 



where ^i, ■ ■ ■ are the world- volume indices, 7^ = diX^'-j^ is the pull-back of the curved-space 
gamma matrices 7^ onto the world- volume, and 7^ = e^Fa. 

By using this projector, the BPS condition for the embedding is given by 

Te = e. (B.20) 



C Some trial for BPS D4 and spiky D6 brane configu- 
rations 

Apart from the DO and D2-brane cases, we have also tried to solve the BPS conditions for 
D4 and D6-brane cases. Though we have not found BPS configurations, we here note our 
setup and ansatz for future reference. 

C.0.1 D4-branes 

We consider a D4-brane wrapping on CPl In the original background given by M^'^ x C^/Z^, 
the would-be-CP^ can be regarded as a fiat three plane through the origin of C^. We then 
take = 0, which leads CP^ : ^2 = , = 0. 
The configuration we consider is 





t X y r a X (^1 




62 


'^2 


D4 


r 












with Fa-^ and Fq-^^-^ turned on. Thus the DBI action is 



Sda,dbi = Td^R^ — - / dtdadxdOidLfi r cos^ — sin — sin OiV H , (C.l 
2R J 11 



where 



27ra'Fa^ _ lno' Fq^^^ 



H: = il + Bt)il + B^), B,= ^ ^ , 52= (C.2) 

ti^ cos ^ sm ^ ti^ cos^ ^ sm b'l 
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Since we have not turned on any electric fields on D4-brane, the Wess-Zumino term does 
not exist. 

The equations of motion of Bi and B2 are reduced to 

These equations are solved by 

- - cos^ f ' - Cl^l^^ ' ^^-^^ 

where 6*1(6*1) is an arbitrary function of 9i only, and 6*2(0;) depends only on a, instead. 

BPS conditions The F projector is given by 

r = ^ ((rnr45 - Bi)T^^j{1 - sin I cot ^iFst) - 52ro45 + fii52rnro) (C.S) 



r/C£eo = /C£eo (C.6) 



and the kappa symmetry condition 



where we have chosen the projection condition 7r3eo = cq such that A^cq = eo- 
We then assume the following projection condition 

7riieo =/3ir45eo = P2^&7eQ = f^sT^geo (C.7) 



and /3j = ±1 and the dilatino condition (IB.ISP requires that Pi + P2 + = —1- Then we 
find that 



and since Fgg commutes with both of Ai and F, in ( 1C.6P the C part trivially cancel on the 
both hands sides. 

We then need to commute F with K, to solve the BPS condition. After some algebra, we 
arrive at 



- F0F11F4567 (l - sin ^ cot 6*1 (cos ^F57e^'^^^" - sin ^ryFn 

- BiFoer (1 + sin^ | cot ^iF.Fn) e^^^^^-^^^") 



+ -BiFo56 sin — cos — cot 9ie^~^ ^ 
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- i?2ro45 (cos I - Sin |7r4e-^^r«) (cos | + sin ^T.Tne^^'^^'^ 

- B,B,ToTu (cos I - sin ^^T.e-^'rre^ (cos | + sin ^T.Tue-'-^^'^^') e 



(C.9) 



Let us first consider /32, /^s) = (^)+)~) case. For this choice, the BPS equation 
becomes 

1 



-(1 + B1B2 cos a)rorii - Bi sin^ ^ cot 6'iro457rii 

+ (^cos ^ sin ^ cot 9i cos y - -Bi52 sin a sin y ^ TosTrn 

f a a ^ 01 9i\ 

— I i?i COS — sin — cot 9i sin — + B2 sin a cos — J ro4rii 

+ I cos — sm — cot 61 sm — + B1B2 sm a cos ^ I 05 



2 a 

sin — cot 6'iro7 + [Bi - B2 cos a)ro45 
+ I 5i cos - sm — cot Oi cos — - B2 sm a sm y ) Tose 



eo (CIO) 



We have Tq-j term whose coefficient does not include S's. For BPS solutions to exist, this 
For should be projected to be either 1 or one of the other gamma matrices. However, any of 
this choice will not be compatible with the projection conditions we have already imposed 
and then will break all the supersymmetry. We thus see that there is no BPS solution. We 
have also checked the other two cases, /32, /Ss) = (+; ~) ~) and /32, /^s) = (—5— 5+), 
and have arrived at the same structure and not found any BPS configuration based on this 
ansatz. 

C.0.2 CP^ X CP^ embedding 

By setting 61 = 62 := 9 and ^pi = ip2 '■= V^, the CP'^ is reduced to CP^ x CP^ of the equal 
radius, we then wrap D4-brane on it. 

We may turn on two independent magnetic fields and Fg^ and then the action is 
(Wess-Zumino part again vanishes) 

Sda,dbi =TDi j e"*A/-det(5( + J") 

=T£)^R^—^ / dadxdOdipr sin a sin 6 vH , (C.ll) 
2R J 

2iTa'Fa^ 2na'Fg^ 

^1 = ^7^ ' ^2 = ~ , (C.12) 

K"^ sm a ii^ sm U 

where x = x/2 and H is the same as (1C.2I) . 
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The equations of motion are (by choosing the gauge Fax ~ ^a^x ~ ^e^f) 



These are solved by 



where Ci = Ci{6), C2 — C^icn) are arbitrary functions. 
The r projector is then given by 



(riirQ45g7 - -BiFpgy - -B2ro45 + -Bi-B2riiro) , (c.i5) 



where 

01 (X 01 01 

Tg := cos -Fg + sin -Fg , := cos -Fy + sin -Fg . (C.16) 

We will impose 7r3eo = eo condition as before. We need to impose further conditions for 
simplicity. The simplest projection condition here is to choose 

l^ll^O = — ^Ab^O = —1^67^0 = rggCo , (C17) 

which leads Ceq = eo. With this choice, /C = e-?(^^4-r5rii)g-|(7r6-r48) a^^j ^hen BPS 

equation is reduced to 



60 =^ [{e-^^- (cos^ I + sin^ '^B.B^) - e^^^« (sin^ | + cos^ ^B.B^) ] Tn 

(sin^ - cos^ 1^2) - e^^^« (cos^ '^B, - sin^ ^B^) ] V,, 



+ sin I cos I (e"^^^^« + e^^^«) (-rggrn + ^iFyg - B^T^T^^ + B^B^T,, 



(C.18) 



Since the coefficient of rggFn term does not involve B\ nor S2, this needs to be projected 
to either constant or another gamma matrix structure. However, it will not be compatible 
with the projection conditions above, and then we conclude that there is no BPS solution 
with these conditions. 

In summary: We cannot find the BPS configuration for D4 branes wrapping on CP^ or 
CP^ X CP^ with magnetic fields turned on. 

C.0.3 D6-brane 

We now consider a D6-brane wrapping on the whole CP'^ and having a spike. The ansatz 
we take is 
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t X y 


r 


a X 6*1 6*2 ^2 


D6 


cjO 


r{a, 61,92) 


a'^ 



with Ea — R Ta°a^ , Ei — R TaOa^ , E2 — R Ta°a^ tumed On. Then 



^/^^dBt{g'^\-~F) =1^ sin^ — cos"' — sin di sin 62^/ H , 



(C.19) 



H{r{a)) =rM 1 + 



s + — 

^ ^2 



S.+ 



where = d^r, ri 2 = c^e^ a^ and Cq, = cos a/2, = sinQ;/2. 
The projector is given by 

1 



sin 6*1 sin 92V H 



ri. 



( 



SaFs 



r 



^2, 



3) + (■ 



ri. 



^2, 



Fa) Tn + (rF^ 



-F. 



Cn,Ffi 



^) Til , 



Fji =F5 ^sin 6'iF7 + sin — cos OiF^^ ^sin 6'2F9 — cos — cos 6'2F5^ 
We then impose the following projection conditions: 



jF-seo =eo , 
FoariiCo =veo , 

r0456789C0 =UeQ , 

TFiieo = — F45eo = Fq^so — — Fggeo , 



(C.21) 

(C.22) 
(C.23) 
(C.24) 
(C.25) 



and by using the first two conditions, it is easy to see that Ceo — e'"'^~^'^'^^^~^^'^^'^^^°€o and 
since Fq commutes with /C and F, C will decouple from the BPS condition. /Ceo is also 
simplified as /Ceo — e~^^^^€o = /C'eo- Then 



F7F77/C' =lC'Fii l-rFo (F4 - — F3 ) ( — CaFsG - —SaF 

L \ r / \ r r 
— ^EaCaSoFes + Ea—^ + {f a -F^ 



+ |-rFo ^F4 - ^rsj {caSaF%s 



r 

rir2\ 



r2 



El 



ri 



Eo F, F 



11 



- (%aF63 + js^^ss) + (r4 - ^Fa) {-E,So,Fs + E2Co,F,)') Fn} 6""^^* 

(C.26) 

We then consider the last [■ • •] factor on eo- By applying the projection conditions, we have 
[ • • • ] (on eo) =F4 ^ ^vr2 — E2 cos a — — sin ci;£'2 + —E^ sin CoFq 
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— (^VTi — El COS a sin aEi H — -Ea sin SaFg^ Fn 

+ {—Ea + VTa cos a — VT Sin a) SaCoJ^Q^^ ll 

+ -J {r^r^Ei - rariE2 - rir^E^ + vrarir2 cos a - vrrir2 sin a) Tn 

+ < I V — Ea COS a + V — E2 cos q; — VE2 sm a ) CqI e 

— V — Ea COS a + V — El cos a — vEi sm a Sa^s r 

\ r r r /J 

+ -v-[r2Ei - riE2) cos a 5 — sm a I i 04 



(r cos a + Tq. sin a)saCaTo4Qs 



(C.27) 



Since F/j are terms of F5, F7 and Fg and will not become terms with Fn after projection 
conditions, we impose here all the terms proportional to Fn to vanish and have 



-^^a =i^('"aCosa — rsina) , Ei = vricosa, E2 = vr2Cosa. 

By plugging these solutions to the BPS equation again, we get 
1 



(C.28) 



X 



sin 01 sin 92vH 



c„ sm Oi COS O2 H st, cos Oi sm O2 

+ cf,Sa COS di COS 02 H Sa sm di sm ^2 

V r r 

+ (r cos a + sin a) ^ — sin 6*1 cos 6*2 + c^s^ cos Qi sin 6*2 j ^ F46 



+ Cq sm {)i sm c^2 H ^oPa cos cos ^2 

\ r r 

+ (r cos a + Ta sin a) ^— cos6'i sin6'2 + c^s^ sin 9i cos 6'2 j j F, 

+ I C0.S0. cos C^i sm C^2 H SaCa Sm C^i COS C^2 

\ r r 



rir2 



+(r cos a + sin a) ( — -- sin 6*1 sin Q2 — c^Sa cos 9i cos 6*2 )) F, 
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Co . 



(C.29) 



The resulting F matrices are not commuting with the projection conditions and thus all the 
coefficients need to vanish. This condition can be solved by 

cos 9i 



rgTi 

r 
rar-2 



— [r cos a + Ta sm a)CaSa 

— (r cos a-\-ra sin a)caSa 



sin^i 

cos 62 
sin 6*2 



Tir2 2 2 ^1 *^os 6*2 
"^"^^sin^i sin ^2 
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(C.30) 
(C.31) 
(C.32) 



Therefore the BPS equation is now 



and 



^eo=eo, (C.33) 



H 



coefficient of 1 term 
— 

sin 6i sin 62 



cos^ di\ f 2 cos^ 02 
sm Oi / \ sm 62 

E =(r cosa + r„sina)^c^s^ ( 1 + ( 1 - cos^a r— ^ ) ( s^^Ar^ + 



r cos a + sin a)caSa 1 + . n „ 1 + . 2 n ■ (C.34) 

sm Oi / \ sm 6'2 / 

+ \ / 2 cos^ cos^ 



» »\ ' \ rl )\ "sin^^i "sin2^2 

62 

rl ; ""^"sin^^i sin2^2. 



^2 , 

+ I 1 _ 2 cos^ ) c^^irr^Ii::^ ) . (C.35) 



2 + \ 22 ^1 '^'^^ ^2 



\{ H = A^, there will be a solution for v = —1. However, it does not seem to be the case. 
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